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E-mail address: m.meo@bath.ac.uk (M. Meo).The DORT method is a selective detection and focusing technique originally developed to detect defects
and damages which induce linear changes of the elastic moduli. It is based on the time reversal (TR)
where a signal collected from an array of transducers is time reversed and then back-propagated into
the medium to obtain focusing on selected targets. TR is based on the principle of spatial reciprocity.
Attenuation, dispersion, multiple scattering, mode conversion, etc. do not break spatial reciprocity. The
presence of defects or damage, may cause materials to show nonlinear elastic wave propagation behavior
that will break spacial reciprocity. Therefore the DORT method will not allow focusing on nonlinear elas-
tic scatterers. This paper presents a new method for the detection and identiﬁcation of multiple linear
and nonlinear scatterers by combining nonlinear elastic wave spectroscopy, time reversal and DORT
method. In the presence of nonlinear hysteretic elastic scatterers, forcing the solid with a harmonic exci-
tation, the time reversal operator can be obtained not only at the fundamental frequency of excitation,
but also at the odd harmonics. At the fundamental harmonic, either inhomogeneities and linear damages
can be individually selected but only at odd harmonics nonlinear hysteretic elastic damages exist. A pro-
cedure was developed where by decomposing the operator at the odd harmonics, it was possible to focus
on nonlinear scatterers and to differentiate them from the linear inhomogeneities. A complete mathe-
matical nonlinear DORT formulation for 1 and 2D structures is presented. To model the presence of non-
linear elastic hysteretic scatterers a Preisach–Mayergoyz (PM) material constitutive model was used.
Results relative to 1 and 2 dimensional structures are reported showing the capability of the method
to focus and discern selectively linear and nonlinear scatterers. Furthermore, an analysis was conducted
to study the inﬂuence of the number of sources and their location on the imaging process showing that
using a higher numbers of sensors does not automatically bring to a minor uncoupled behaviour between
the nonlinear targets.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
The detection and the imaging of small defects or damage is a
common problem to various industrial sectors. Ultrasonic imaging
is complex and difﬁcult when the inspected object has complex
geometry and material is heterogeneous. To achieve focusing in
complex media to detect small defects with a good resolution large
focusing apertures are needed.
Ultrasonic imaging methods based on time reversal mirrors
(TRM) are a potential solution but they are usually effective in
the presence of a dominant damage or a uniform distribution of
features (defects, cracks, etc.). Time reversal mirror (TRM) typically
consists in sending a signal in a medium, collecting the acoustic
wave that scatters from a target, time reverse this signal and thenll rights reserved.retro-focus it onto the target (Fink, 1992; Fink et al., 2000; Fink and
Prada, 2001).
When the sample contains only one defect, using a TRM optimal
refocusing is obtained on the target. In general, in presence of sev-
eral defects, several iterations of the TR operation are needed and it
leads to focusing on the strongest scatterer in the volume.
Prada et al. (1995) developed the DORT (from the french Decom-
position de l’operateur de retournement temporel decomposition of
the time reversal operator) as an imaging method, based on TRM,
to focus selectively on each target. In particular, adopting an itera-
tive application of the TRMs, a procedure was developed to focus
on the strongest scatterers. It was mathematically proved that, said
n the steps of such iterative process, the method converges because
nth power of the time reversal matrix operator depends on the nth
power of the biggest eigenvalue which can be identiﬁed as the
most intense scatterer. Then, an improvement of this method can
be found in Montaldo et al. (2004) where a cancellation operator
is introduced, so once the strongest scatterer has been spotted, it
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on the second strongest scatterer. Cancelling again L times, L differ-
ent targets can hence be selected. Conversely to Montaldo et al.
(2004), the DORT method used in this work is based on a single
iteration of the TRM and it relies on an analytical and numerical
construction of the TR matrix for beams and plates. As shown in
Prada et al. (1996) the eigen-analysis allows to identify different
scatterers, represented by its eigenvalues while by calculating
the eigenvectors it is possible to estimate the combinations of exci-
tation inputs that permit to locate these scatterers once they are
back-propagated in the medium. Singular Value Decomposition
(SVD) can also be used for the transfer matrix instead of the TR ma-
trix (which is the product of the transfer matrix for its complex
conjugate) with identical results (Tanter et al., 2000; Kerbrat
et al., 2002).
Even though TRM has proved to be quite successful, there are a
number of issues to be addressed. One of the major drawback of
the DORT is due to the imperfect orthogonality of propagation
matrices that compose the TR operator. This implies that targets
are not well resolved, so coupling effects among the scatterers
could be present. Moreover, said d the number of scatterers and
L the number of inputs (actuators/sensors), it can be shown that
only if d 6 L all the scatterers can be identiﬁed. Therefore, in pres-
ence of a number of scatterers higher than L, the number of actu-
ators/sensors (inputs) must be increased. Furthermore, the
presence of some type of damages may degrade the performance
of retro-focused time reversal systems resulting in a loss of focus-
ing ability with a broadening of the focal spot and a reduction of
the peak pressure at the focus (Dowling and Jackson, 1992; Dow-
ling, 1993). Moreover, if the attenuation is not linear with wave
amplitude, i.e. presence of nonlinear elastic effects, the forward
transmitted waves are no longer reversible.
Imaging and experimental techniques available in the literature
for both linear and nonlinear sources can be found in Kazakov
(2002) where these sources can be located through modulation
of a high by a low-frequency wave and extracting the nonlinear re-
sponse of the solid. A method called Nonlinear Elastic Wave Time
Reversal Mirror (NEWTRM) has been proposed from Zumpano
and Meo (2007) where two major improvements were carried
out in order to avoid typical issues in classical TRM method. The
ﬁrst advancement consisted in placing the transmitter array di-
rectly on the structure so as that a large portion of the structure
can be inspected with just one scan. The reason is that perturbation
waves, generated by the transducer array, travel in any direction
through the structure and, so, information on damage presence,
location, and severity can be obtained. The second improvement
to the TRM regards the selection of the optimum time window to
reverse. For this purpose, nonclassical nonlinear hysteretic elastic
effects introduced by damage presence were employed. The exis-
tence of some type of damage may introduce in the dynamic struc-
ture response high order harmonics of the excitation pulse central
frequency, which are negligible or totally absent for some undam-
aged materials and for linear scatterers. Therefore,only the re-
ﬂected or refracted waves by the nonlinear elastic scatterers can
have this high frequency energy content. The third harmonic was
chosen because it is the lowest harmonic predicted by all nonlinear
elastic hysteretic material models, and it has a larger energy con-
tent (Meo and Zumpano, 2005; Meo et al., 2008).
In the present paper, we propose a new imaging technique,
based on the acoustic time reversal mirror (TRM), that in the pres-
ence of multiple scatterers is capable of imaging each scatterer
separately and allows to distinguish the nature of the scatterer,
i.e. linear or nonlinear. The main idea of this work is to combine
NEWTRM and DORT in order to discriminate nonlinear elastic
damages and inhomogeneities at two different frequencies, i.e.
the fundamental and the third harmonics. The paper is organizedas follow: Section 2 illustrates the principles of DORT from a gen-
eric point of view, the scatterers’ domain and the relationship be-
tween transfer matrix and the same matrix from a scatterer point
of view. The mathematical derivation of the TR matrix and DORT
applied to a 1D and 2D structures are reported in Appendix A
and B. Section 3.1 explains the issues arising from the presence
of nonlinear targets and an approach for the construction of the
transfer matrix is proposed. In Section 3.2 the matrix of targets
interaction which makes use of single scattering matrix and the
eigenvectors of the time reversal process is introduced. Finally re-
sults (Section 4) and conclusions (Section 5) are presented.
2. The DORT method
The TR process consists of two phases, the forward and back
propagation. During the forward propagation, using an array of
transducers a signal is sent in the medium and one or more detec-
tors record the wave disturbances it experiences. In particular, the
presence of a target in the medium (defect, crack, voids, etc.) gen-
erates a reﬂected wave that back-propagates in direction of the ar-
ray that measures the resulting temporal signals on the different
channels. In the back propagation, the recorded signals are then
time reversed and broadcast from the original detector location(s).
It has been proved that the procedure yields the generation of a
wavefront that is ﬁnally focused on the target position, assuming
that the propagation medium has not changed. The TRM compen-
sates also for unknown deformation of the mirror array. Although
this self-focusing technique is highly effective, it requires the pres-
ence of a reﬂecting target in the medium. A summary of the origi-
nal DORT method is reported below.
The impulse response klm(t) from pointm to point l is deﬁned as
the signal received on the channel number l after a temporal Delta
function is applied to the channel number m. This response in-
cludes all the propagative effects through the medium under inves-
tigation. The response R(x) in the L points of the medium can be
expressed in the frequency domain in a vectorial form
RðxÞ ¼ KðxÞEðxÞ ð1Þ
where E(x) is the vector of the Fourier transform of the inputs (for
example concentrated forces in L points) and K(x) is the transfer
matrix. TRM consists in re-emission of time reversed output signal
eðtÞ ¼ rðtÞ ) EðxÞ ¼ RðxÞ ð2Þ
where * means complex conjugate. Therefore, re-applying E(x) as
in Eq. (2), from Eq. (1) follows:
R1ðxÞ ¼ KðxÞR0ðxÞ ¼ KðxÞKðxÞE0ðxÞ ð3Þ
where superscripts 0 and 1 indicate respectively initial step and
ﬁrst step in the TRM process. The matrix K(x)K*(x) is called time
reversal matrix. If d scatterers are present in the medium, the trans-
fer matrix can be further decomposed in
KðxÞ|ﬄ{zﬄ}
LxL
¼ HðxÞ|ﬄﬄ{zﬄﬄ}
Lxd
CðxÞ|ﬄ{zﬄ}
dxd
HTðxÞ|ﬄﬄﬄ{zﬄﬄﬄ}
dxL
ð4Þ
where H(x)T is the forward propagation matrix, C(x) is the single
scattering matrix and H(x) is the backward propagation matrix.
For forward propagation matrix Hil it must be intended the Fou-
rier transform of the diffraction impulse response of the transducer
number l to the scatterer number i as in Prada et al. (1996).
Indeed, if Pi(x) i = 1, . . . ,d is the response in the ith scatterer,
then
PiðxÞ ¼ HTi ðxÞEðxÞ ð5Þ
whereHTi ðxÞ is the ith row of the forward propagation matrix. If sin-
gle scattering is considered (i.e. scattering in one point does not in-
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scatterer is
QiðxÞ ¼ CiðxÞPiðxÞ ð6Þ
Finally back propagation, which means the response R(x) in the
acquisition points can be obtained by propagating Qi(x) from the
scatterers. Using the reciprocity principle, this signal is the same ob-
tained in Eq. (5) and thus is given by the transpose of the forward
propagation matrix
RðxÞ ¼ QiðxÞHiðxÞ ð7Þ
therefore Eq. (3) can be obtained if all the scatterers are considered
RðxÞ ¼ HðxÞCðxÞHTðxÞEðxÞ ð8Þ
where C is a diagonal matrix dxd where Cij = dijCi(x) "i, j = 1, . . . ,d.
2.1. Eigenvalues and eigenvectors of the time reversal operator
The principal results of the DORT method (Prada et al., 1996;
Prada et al., 1995) are summarized:
 only d eigenvalues ki(x) where d < L are nonzero;
 if the reﬂectors are ideally separated (i.e. it is possible to focus
on one without sending energy to the others), all the eigen-
values are given by the following:kiðxÞ ¼ jCij2jHiðxÞj4 8i ¼ 1; . . . ;d ð9Þ
since there are only d scatterers, then only d eigenvalues are
nonzero. Moreover, from Eq. (9), from an experimental point
of view, by knowing the eigenvalues and the propagation matri-
ces it would be possible to get the scatterers coefﬁcients Ci, i.e.
the intensity of damages or inhomogeneities in term of elastic
modulus. If there is no ideal separation,
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kiðxÞ
p
represent an
estimation of jCij as good as their degree of separation.
 each eigenvectors Vi "i = 1, . . . ,d associated to nonzero eigen-
values of TR matrix are associated with one point-like target.
If the scatterers are ideally separated, it is possible to ﬁnd an
input Vi(x) that back-propagated focuses only on the ith scat-
terer. If they are not separated, most of the back-propagated
signal will be on the ith scatterer and focusing on the others
scatterers whose magnitude depends on their degree of
separation.
2.2. Error evaluation for scatterers coefﬁcients
As mentioned in Section 2.1, scatterers might not be completely
separated and thus selective focusing could not be achieved. Nev-
ertheless, it could be still possible to distinguish different targets
according to their degree of separation. In this section this concept
is explained more in detail. If the targets are not well separated, Eq.
(9) provides an estimation of jCij which is indicated with jbCij
jbCij ¼ ﬃﬃﬃkp ijHij2 ð10Þ
where jHij is the ith column of propagation matrix H. Of course, if
the targets are perfectly separated, then djCij ¼ jCij. The scatterers
coefﬁcients can be obtained by the transfer matrix. In fact, pre-mul-
tiplying Eq. (4) by HH and post-multiplying by H*
HHKH ¼ ðHHHÞCðHTHÞ ð11Þ
where sufﬁx H stands for hermitian matrix i.e. HH = HT*. The matrix
HTH* is a square hermitian matrix, it can be inverted and has also
real positive diagonal entries jHij2. The scatterers coefﬁcients can
thus be obtainedC ¼ ðHHHÞ1ðHHKHÞðHTHÞ1 ð12Þ
The error Ri committed assuming the eigenvalues ki as real scatter-
ers coefﬁcients Ci for nonwell separated targets (expressed in per-
centage) can be then considered as
Ri ¼ 100 k
bCij  jCik
jCij 8i ¼ 1; . . . ;d ð13Þ2.3. The Scatterers’ domain
Using the scatterers’ domain as illustrated in Prada et al. (1996),
the time reversal operator in this domain can be obtained from Eq.
(12). Indeed, for Eq. (5)
Pð0Þ ¼ HTEð0Þ ð14Þ
where P(1) is the vector size d  1 of the response in the d scatterers
points due to forces applied in the sources points. Applying the rec-
iprocity principle, the backscattered response in the input points is,
for Eq. (6)
Eð0Þ ¼ HCPð0Þ ð15Þ
and thus the response P(2) in the other scatterers after two steps in
the time reversal process is
Pð2Þ ¼ HTHCHTHCPð0Þ ¼ SSPð0Þ ð16Þ
where S*S (size d  d) is the TR matrix in the scatterers’ domain and
it can be shown (Prada et al., 1996) that its d eigenvalues are the
same d nonzero eigenvalues of K*K. For ideally resolved scatterers,
HHH is diagonal and the operator S*S has diagonal entries given by
Eq. (9). The S is given by
S ¼ HHHC ¼ ðHHKHÞ HTH
 1
ð17Þ
It could be useful to deal with S instead of K because of its reduced
size. In fact, when d L, then it is easier to calculate eigenvalues
and eigenvectors of a smaller matrix.
3. Application of DORT to elastic problems
The mathematical derivation of the TR matrix and DORT applied
to a 1D and 2D structures are reported in Appendices A and B. In
particular in Appendix A, we have derived analytically the TR ma-
trix for a 1D elastic beam problem with only inhomogeneities and
free ends. Then, the introduction of the hysteretic type of damage
reported below (Section 3.1) is introduced for 2D structures in
Appendix B.
3.1. Nonlinear hysteretical damage scattering formulation
The presence of damages was simulated as punctiform with
purely hysteretic behavior. Elastic moduli in those points were
modeled with Preisach-Mayergoyz (PM) approach. For more
informations about PM space the reader may refer to Guyer et al.
(1995), McCall and Guyer (1995), McCall et al. (1996) and
Zumpano and Meo (2008). RegionXPM is the set of all these points.
Other points not affected by the nonlinearity have their elastic
moduli supposed constant. The generic elastic modulus Eij in these
points can be considered as the sum of a linear part and a nonlinear
contribution which depends on the strain and on its time
derivative
Eijðx;; _Þ ¼
E0ij; x R XPM
E0ij þ DEijðx;; _Þ; x 2 XPM
(
ð18Þ
Using decomposition in Eq. (B.6) and assuming that DEij depends
only from U(0) and inﬂuences only U(1), Eq. (18) becomes
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The forward propagation term is given by (0) = BU(0)(t)
DKðx;ð0Þ; _ð0ÞÞUð0Þ ¼ 
Z
X
BTDDðx;ð0Þ; _ð0ÞÞBUð0ÞðtÞdX
¼ 
Z
X
BTDDðx;ð0Þ; _ð0ÞÞð0Þ dX ð20Þ
As in Barbieri et al. (2009), the evaluation of DDðx;ð0Þ; _ð0ÞÞ, is de-
rived from the meso-scale approach of PM space for every x in
XPM. It is done by inputting the forward propagation stress r(0) in
their respective PM spaces. Therefore, rigorously speaking, the sin-
gle scattering term in Eq. (B.14) is actually a function of the applied
load and then the eigenproblem becomes nonlinear. Indeed, it can
be seen that
DK ¼
Xd
i¼1
BðxsÞT
X1
n¼0
DDnðFÞej2nx0t
" #
BðxsÞ ð21Þ
The product in Eq. (20) becomes a function with only odd harmonics
DKðx;ð0Þ; _ð0ÞÞUð0Þ ¼
Xd
i¼1
BðxsÞT
X1
n¼0
DDinðFÞejð2nþ1Þx0t
" #
BðxsÞ
 ðx20Mþ Kð0ÞÞ1F
ð22Þso
RðxÞ ¼ HðxÞCððx;EðxÞÞHTðxÞEðxÞ ð23Þ
In order to avoid this nonlinearity in the eigenproblem, the follow-
ing procedure has been adopted for every chosen odd harmonic
(ﬁrst and the third in this case):
1. evaluation of the transfer matrix column-wise, which means
that inter-element response klm is constructed with L different
runs with applied force tl = dlm "l,m = 1, . . . ,L with dij the Kro-
necker symbol;
2. for each of these runs, the response in the force points xfl
"l = 1, ,. . . ,L is stored and it is the lth column of the transfer
matrix.
In this way, there is a linear transfer matrix for the fundamental
of the initial broadcasts and additional transfer matrices for each
frequency of interest, i.e. odd harmonics. When nonlinear scatter-
ing is considered and the above procedure is adopted, Eq. (12) is no
longer valid, because different scatterers coefﬁcients result in each
of the L load cases. Indeed, if Kl is the lth column of the transfer ma-
trix obtained with the lth load case, then
Kl ¼ HClHl 8l ¼ 1; . . . ; L ð24Þ
where Hl is the lth row of the propagation matrix H and Cl is the
scatterers coefﬁcient matrix resulting from the application of the
lth load case. The same procedure for Eq. (12) leads to
ClHl ¼ ðHHHÞHHKl 8l ¼ 1; . . . ; L ð25Þ
this last equation is useful to deﬁne a measure of the coupling be-
tween nonwell separated targets.
3.2. Coupling matrix for nonwell separated scatterers
In contrast to the classical DORT method, in order to discern lin-
ear from nonlinear elastic scatterers a measure for coupling among
nonwell resolved targets is proposed. The choice is motivated by
the following equation (derived in Appendix A) when an eigenvec-
tor of the TR matrix is back-propagated~uð1Þðx;xÞ ¼ dðxx0Þ k
2
0
E20
Hðx; xs;x0ÞCHðxs;xl;x0ÞTF ð26Þ
Even though Eq. (26) refers to the one-dimensional case, similar
arguments can be conducted for the plate leading to identical
results
~uð1Þðx;xÞk ¼ dðxx0Þ
k0
E0
 2
Hðx;xs;x0ÞCHðxs;xl;x0ÞTVk
8k ¼ 1; . . . ; d ð27Þ
where Vk is the kth eigenvector of TR matrix associated with a non-
null eigenvalue ki. Taking the second derivative of (26)
@2~uð1Þ
@x2
ðx;xÞk ¼ dðxx0Þ
k0
E0
 2
½dðx xsÞ  k2Hðx;xs;x0Þ
 CHðxs; xl;x0ÞTVk 8k ¼ 1; . . . ; d ð28Þ
Evaluating Eq. (28) in the scattering points xs
@2~uð1Þ
@x2
ðxs;xÞk ¼ dðxx0Þ
k0
E0
 2
jk0
1
2
ICHðxs; xl;x0ÞTVk
8k ¼ 1; . . . ;d ð29Þ
where I is a diagonal unit matrix dxd. Hence, it can be deﬁned a tar-
gets interaction matrix v which is
v ¼ CHTV ð30Þ
where V is the matrix whose columns are eigenvectors of TR matrix
associated with d non-null eigenvalues. This matrix deﬁnes the cou-
pling term among the scatterers as depending on HTV which is an
indication on how effectively the back-propagated eigenvector
might produce an orthogonal response on each target. Moreover,
if one target has low single scattering coefﬁcient Ci compared to
the others, it may result in a low response even if there is orthogo-
nality. In this case although the input focus on this target, it might
appear as unselected. Hence the backpropagated response has to be
weighted with the single scattering matrix C to give a more accurate
description. If nonlinear scattering is considered, then Eq. (30) mod-
iﬁes as follows:
v ¼ C1H1 C2H2    CLHL½ V ð31Þ
with the terms ClHl "l = 1, . . . ,L evaluated by Eq. (25).4. Results
In this section results are presented for a 1D beam and a 2D
plate to assess the capability of the proposed technique to discern
and identify linear and nonlinear elastic scatterers. Both plane
stress and plane strain cases were considered for the plate. For
the one-dimensional case, two subcases were considered: one with
both linear and nonlinear scattering and a second subcase with
only nonlinear scattering. An analysis for different number of
sources and different location is also presented. The aim is to study
if the increase of the number of point sources or their different
positioning can affect the ability to discriminate linear scatterers
from the nonlinear ones.
4.1. 1D beam with linear and nonlinear scatterers
With reference to Section 3, a beam of length Lx = 5 m subjected
to axial concentrated loads placed at L = 6 was investigated. To
prove the effectiveness of the method, d = 3 scattering points were
chosen randomly. Similarly, in these points a random variation of
nominal elastic modulus (E0 = 7e10 Pa) was for the linear scatter-
Table 1
Coupling matrix v (in %) at 1st harmonic.
Scatterers
location (m)
First eigenvector Second eigenvector Third eigenvector
0.75 2.48 100.00 49.16
1.89 43.66 7.94 100.00
3.49 100.00 56.43 57.31
Table 2
Coupling matrix v (in %) at third harmonic.
Scatterers location (m) First eigenvector Seond eigenvector
0.75 100.00 68.56
3.49 10.49 100.00
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quency of excitation f0 = 1 kHz.
Tables 1 and 2 showmatrix v of Eq. (30) at the fundamental fre-
quency of excitation and third harmonic. The table conﬁrms what
it could be seen from Fig. 1, i.e. targets are not well separated. For
the ﬁrst (Fig. 1(a)) and the second eigenvectors (Fig. 1(b)), there is a
major interaction only between 2 of 3 targets and little couplingFig. 1. Longitudinal strain: magnitude plot at ﬁrst harmonic; cross: sourc
Fig. 2. Longitudinal strain: magnitude plot at third harmonic; cross: sourcwith the remaining target, while for the third eigenvector
(Fig. 1(c)) there is more coupling among all the scatterers. A quan-
titative indication of this coupling is given by matrix v. However, it
is still possible to spot the brightest target in each of the back-
propagated eigenvectors. This results at the fundamental fre-
quency do not allow the discerning of the nature of the scatterers,
i.e. linear or nonlinear. However, by analysing the results at the
third harmonic (2) it is possible to classify the second scatterer
as linear. In fact, only 2 eigenvalues are nonzero at the third har-
monic and as it can be seen from Fig. 2 the correspondent eigen-
vectors focus on just 2 of the 3 targets.
4.2. 1D beam with nonlinear scatterers
In this section the same beam of Section 4.1 is considered but
with just 2 nonlinear scatterers located randomly. The targets are
well separated for the ﬁrst eigenvector at the ﬁrst harmonic
(Fig. 3(a) with only 5.31% of coupling) (Table 3). While at the sec-
ond eigenvector there is a strong coupling (96.65%) between the
scatterers (Fig. 3(b)). However, at the third harmonic, as it is shown
in Fig. 4(a) and (b), and Table 4, both eigenvectors are well sepa-
rated. Hence, also in this case at the third harmonic a satisfactory
level of selection and identiﬁcation of the nature of the scatterers
can be achieved with the proposed modiﬁed DORT procedure.es points; diamond: linear scatterers and circle: nonlinear scatterers.
es points; diamond: linear scatterers and circle: nonlinear scatterers.
Fig. 5. Normalized jcxyj contour plot for ﬁrst eigenvector at ﬁrst harmonic: red dots:
sources points; magenta dots: linear scatterers and black dots: nonlinear scatterers.
(For interpretation of the references to colour in this ﬁgure legend, the reader is
referred to the web version of this article.)
Table 5
Coupling matrix v (in %) at 1st harmonic for plane strain case with nonlinear and
linear scattering.
x (m) y (m) First Second Sixth
cxy x y
0.293 0.112 100.00 31.32 3.80
0.060 0.148 24.62 2.97 100.00
0.040 0.192 0.16 100.00 14.93
Table 6
Coupling matrix v (in %) at third harmonic for plane strain case with nonlinear and
linear scattering.
x (m) y (m) First Fourth
cxy y
0.293 0.112 100.00 19.43
0.060 0.148 17.05 100.00
0.040 0.192 2.26 13.46
Fig. 6. Normalized jxj contour plot for second eigenvector at ﬁrst harmonic: red
dots: sources points; magenta dots: linear scatterers and black dots: nonlinear
scatterers. (For interpretation of the references to colour in this ﬁgure legend, the
reader is referred to the web version of this article.)
Fig. 3. Longitudinal strain: magnitude plot at ﬁrst harmonic; cross: sources points and circle: nonlinear scatterers.
Table 3
Coupling matrix v (in %) at ﬁrst harmonic.
Scatterers location (m) First eigenvector Second eigenvector
1.51 5.31 100.00
2.71 100.00 96.65
Table 4
Coupling matrix v (in %) at third harmonic.
Scatterers location (m) First eigenvector Second eigenvector
1.51 100.00 0.26
2.71 12.71 100.00
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A free edges plate 1 m  0.3 m with in-plane displacements (2
degrees of freedom) was investigated. To prove the effectiveness
of the method, d = 3 scattering points were chosen randomly.
Similarly, in these points a random variation of nominal elastic
modulus (E0 = 7e10 Pa) has been assumed for the linear scattering.
The mass density has been supposed as q = 2900 kg m3.
Frequency of excitation has been set at f0 = 1.6 kHz. Six forces are
concentrated on the top edge and since there are 2 degrees of free-
dom, the total number of inputs is L = 2  6 = 12. Two nonlinearFig. 4. Longitudinal strain: magnitude plot at third harmonic; cross: sources points and circle: nonlinear scatterers.
Fig. 7. Normalized jyj contour plot for sixth eigenvector at ﬁrst harmonic: red dots:
sources points; magenta dots: linear scatterers and black dots: nonlinear scatterers.
(For interpretation of the references to colour in this ﬁgure legend, the reader is
referred to the web version of this article.)
Fig. 8. Normalized jcxyj contour plot for ﬁrst eigenvector at thrid harmonic: red
dots: sources points; magenta dots: linear scatterers; black dots: nonlinear
scatterers. (For interpretation of the references to colour in this ﬁgure legend, the
reader is referred to the web version of this article.)
Fig. 9. Normalized jyj contour plot for fourth eigenvector at third harmonic: red
dots: sources points; magenta dots: linear scatterers; black dots: nonlinear
scatterers. (For interpretation of the references to colour in this ﬁgure legend, the
reader is referred to the web version of this article.)
Fig. 10. Normalized jxj contour plot for second eigenvector at third harmonic: red
dots: sources points; magenta dots: linear scatterers; black dots: nonlinear
scatterers. (For interpretation of the references to colour in this ﬁgure legend, the
reader is referred to the web version of this article.)
Fig. 11. Normalized jyj contour plot for second eigenvector at third harmonic: red
dots: sources points; magenta dots: linear scatterers and black dots: nonlinear
scatterers. (For interpretation of the references to colour in this ﬁgure legend, the
reader is referred to the web version of this article.)
Fig. 12. Plane strain plate: coupling matrix v for the unfocused target for variable
number of sources.
Fig. 13. Normalized jyj contour plot at third harmonic for different number of
sources: red dots: sources points; magenta dots: linear scatterers and black dots:
nonlinear scatterers. (For interpretation of the references to colour in this ﬁgure
legend, the reader is referred to the web version of this article.)
E. Barbieri, M. Meo / International Journal of Solids and Structures 47 (2010) 2639–2652 2645scatterers and one linear are present. Six forces are located on the
left side so total number of inputs is L = 2  6 = 12. Linear scatterer
involve variation only in Ex whereas nonlinear scatterers had all the
elastic constants changed, i.e. also Ey and Gxy. Therefore, the total
number of non-null eigenvalues at ﬁrst harmonic is
d = 3  2 + 1 = 7 but at the third harmonic d = 3  2 = 6.
The plate has been discretized with 31  31 nodes equally
spaced along the two directions and second order Gauss
Fig. 14. Normalized strain contour plot at ﬁrst harmonic: red dots: sources points; magenta dots: linear scatterers; black dots: nonlinear scatterers. (For interpretation of the
references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)
2646 E. Barbieri, M. Meo / International Journal of Solids and Structures 47 (2010) 2639–2652quadrature has been performed to evaluate numerically the stiff-
ness and mass matrices. The number of quadrature cells used is
30  30 for a total number of quadrature points of 3600. Figures
between Figs. 5 and 9 show some of the eigenvectors in terms of
input forces (top edge) and their respective back-propagated strain
contours at ﬁrst and third harmonic. Tables 5 and 6 show matrix v
for the mentioned eigenvectors.Fig. 15. Normalized strain contour plot at third harmonic: red dots: sources points; mage
references to colour in this ﬁgure legend, the reader is referred to the web version of thIt is easy to recognize three scatterers, even though there is
coupling, especially for the ﬁrst (shear strain) and the second
(longitudinal strain) eigenvectors between the linear and one of
the nonlinear targets (Figs. 5 and 6). On the contrary, targets
appear to be very well separated for the transverse strain accord-
ing to matrix v (Fig. 7) where the coupling with the other targets
is negligible. Other 4 eigenvectors at ﬁrst harmonic are notnta dots: linear scatterers; black dots: nonlinear scatterers. (For interpretation of the
is article.)
Fig. 16. Normalized strain contour plot at ﬁrst harmonic: red dots: sources points; magenta dots: linear scatterers and black dots: nonlinear scatterers. (For interpretation of
the references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)
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ﬁrst harmonic maps does not allow to decide if one of the targets
is a nonlinear scatterer. By checking the third harmonic maps, it
is possible to verify that they are actually nonlinear. In fact, 6
eigenvectors at third harmonic focus only on the yellow spots,
as in Figs. 8 and 9, where the most uncoupled eigenvectors are
shown. Other eigenvectors (not reported here) show similar
behavior, but with higher percentages of coupling. Hence it canFig. 17. Normalized strain contour plot at third harmonic: red dots: sources points; mage
the references to colour in this ﬁgure legend, the reader is referred to the web version obe deduced that the black points have nonlinear nature. Other
eigenvectors for example are reported in Figs. 9–11. It is interest-
ing to observe in these eigenvectors a modal pattern which is dis-
torted near the nonlinear targets. This distortion permits the
focusing on the targets even if the response is mostly inﬂuenced
by the modal shapes. Fig. 9 shows a similar behavior but less evi-
dent. Nevertheless increasing the number of sources points sensi-
bly reduces these spatial oscillations in the response. Moreovernta dots: linear scatterers and black dots: nonlinear scatterers. (For interpretation of
f this article.)
Fig. 18. Normalized strain contour plot at ﬁrst harmonic: red dots: sources points; magenta dots: linear scatterers and black dots: nonlinear scatterers. (For interpretation of
the references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)
2648 E. Barbieri, M. Meo / International Journal of Solids and Structures 47 (2010) 2639–2652the coupling between the nonlinear targets decreases (Fig. 13),
even though adding too many sources could lead to the opposite
effect (Fig. 12).
4.4. Plane stress plate
For plane stress conditions, a free edges plate 1.4 m  1.2 m in
plane stress state was analysed with the same material consideredFig. 19. Normalized strain contour plot at third harmonic: red dots: sources points; mage
the references to colour in this ﬁgure legend, the reader is referred to the web version oin the previous case and with same number and type of scatterers,
whose position was randomly chosen. Frequency of excitation was
f0 = 1 kHz. A set of eight concentrated forces was applied on three
different edges of the plate. In the plane strain case, forces were
located on all the edges of the plate. Discretization was the same
used for the plane strain case.
As it can be seen from Figs. 14–21 the linear scatterer is
always spotted in the contour of the longitudinal strain x withnta dots: linear scatterers and black dots: nonlinear scatterers. (For interpretation of
f this article.)
Fig. 20. Normalized strain contour plot at ﬁrst harmonic: red dots: sources points; magenta dots: linear scatterers and black dots: nonlinear scatterers. (For interpretation of
the references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)
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located on all the edges (Fig. 20(a)). One would expect that with
the last conﬁguration (forces on all the edges) the coupling is
less, conversely for example the nonlinear target at x = 0.88
and y = 1.11 is detected with a coupling factor of almost 20%
(Fig. 22(a)) which is double of the cases where the forces are lo-
cated on the left and the upper side. Moreover, for the remaining
scatterer (Fig. 22(b)), the coupling percentage for the all edgesFig. 21. Normalized strain contour plot at third harmonic: red dots: sources poconﬁguration is almost the same level of the right-edge
conﬁguration.
5. Conclusions
This paper presented the development and application of a
new imaging technique for identifying and imaging multiple
scatterers of different nature, i.e. linear and nonlinear, by com-ints; magenta dots: linear scatterers and black dots: nonlinear scatterers.
Fig. 22. Plane stress plate: coupling matrix v for the unfocused target for variable position of sources.
2650 E. Barbieri, M. Meo / International Journal of Solids and Structures 47 (2010) 2639–2652bining nonlinear time reversal and DORT method. Basic princi-
ples of time reversal mirrors and decomposition of TR matrix
operator were illustrated and modiﬁed to take into account
the presence of nonlinear effects. By analysing the relative
eigenproblem, a procedure was developed to identify the neces-
sary combinations of excitation inputs for individually focus on
different scatterers. In particular, we presented a technique that
would allow us to distinguish linear (such as holes) and from
nonlinear elastic scatterers such as cracks. The nonlinear elastic
effect, typical of cracks, was modelled by introducing a Preis-
ach–Mayergoyz material constitutive model, since it is capable
to quantify variation in elastic moduli, not only at the funda-
mental frequency of excitation, but also for the third harmonic,
where linear damage does not generate any contribution. Ana-
lytical and numerical formulations were developed for 1 and
2D structures to deﬁne transfer matrix and time reversal
operator. Application of DORT to these matrices at these two
frequencies (fundamental and third harmonic) allowed us to dif-
ferentiate the nature of the target. Numerical results showed
that even if in some cases the nature of the targets could not
be perfectly separated, if the same target exist at both frequen-
cies, it was still possible to highlight the nonlinear elastic nature
of the scatterer. Furthermore, a parametric analysis was con-
ducted to study the inﬂuence of the number of sources and
their location. Results showed that using more numbers does
not automatically bring to a minor uncoupled behaviour be-
tween the nonlinear targets, and because the random disposi-
tion of the damage, it is not always easy to determine the
optimal location of the sensors. However, we believe that the
method could also be used as a preliminary tool to determine
the amount of coupling and the placement of the arrays suppos-
ing randomly distributed defects.
Appendix A. Nonlinear DORT applied to 1D structure
To calculate the motion of a 1D beam, the total displacement
solution u(x, t) of the nonlinear wave propagation is split in two
contributions
uðx; tÞ ¼ uð0Þðx; tÞ þ uð1Þðx; tÞ ðA:1Þ
where u(0) is the zeroth order solution when no damage or inhomo-
geneities, while u(1) is the ﬁrst order solution due to the presence of
either hysteretic damage or inhomogeneities. Assuming u(1)(x, t)
u(0)(x, t), as in Van Den Abeele et al. (1997), a hierarchical system
of equations for both parts of displacements can be writtenE0
@2uð0Þ
@x2
 q€uð0Þ ¼ Sðx; tÞ ðA:2Þ
E0
@2uð1Þ
@x2
 q€uð1Þ ¼  @
@x
DEðxÞ @u
ð0Þ
@x
 
ðA:3Þ
where E0 is the nominal elastic modulus, q is the mass density,
DE(x) is a perturbation to the elastic modulus induced by inhomo-
geneities, S(x, t) is the longitudinal source. Clearly, in absence of per-
turbation terms u(1) the Eq. (A.2) returns the well-known 1D wave
equation for longitudinal bars. If all sources are punctiform and har-
monic at frequencyx0, in frequency domain Eqs. (A.2) and (A.3) can
be written
@2~uð0Þ
@x2
þ k2~uð0Þ ¼ 1
E0
eSðx;xÞ ðA:4Þ
@2~uð1Þ
@x2
þ k2~uð1Þ ¼  1
E0
@
@x
DEðxÞ @~u
ð0Þ
@x
 
ðA:5Þ
where the 	indicates the Fourier transform and k =x/c where
c2 = q/E0 is the longitudinal wave velocity. Eqs. (A.4) and (A.5) are
inhomogeneous Helmholtz equations and the solution is given by
a convolution in the space domain of the related Green function
G(x;x) and the source term eSðx;xÞ
~uð0Þðx;xÞ ¼ 1
E0
Z Lx
0
Gðx; x0;xÞeSðx0;xÞdx0 ðA:6Þ
where Lx is the beam length and the Green function for the one-
dimensional inhomogeneous Helmholtz equation is
Gðx; x0;xÞ ¼  j
2k
ejkjxx
0 j ðA:7Þ
and its derivatives
@G
@x
¼ 1
2
sgnðx x0Þejkjxx0 j ¼ jksgnðx x0ÞGðx; x0Þ ðA:8Þ
@2G
@x2
¼ dðx x0Þ þ 1
2
jkejkjxx
0 j ¼ dðx x0Þ  k2Gðx; x0Þ ðA:9Þ
The source term considered is a sum of monotone Dirac func-
tions at frequency x0
eSðx;xÞ ¼XL
l¼1
Fldðx xlÞdðxx0Þ ðA:10Þ
where xll = 1, . . . ,L are the sources locations and Fl their complex
amplitudes.
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~uð0Þðx;xÞ ¼ dðxx0Þ 1E0
Z Lx
0
Gðx; x0;x0Þ
XL
l¼1
Fldðx0  xlÞdx0
¼ dðxx0Þ 1E0
XL
l¼1
Gðx; xl;x0ÞFl ðA:11Þ
In matrix form
~uð0Þðx;xÞ ¼ dðxx0Þ 1E0H
Tðx; xl;x0ÞF ðA:12Þ
where F is the forces vector and
HTðx;xl;x0Þ ¼ ½Gðx; x1;x0Þ;Gðx; x2;x0Þ; . . . ;Gðx; xL;x0Þ ðA:13Þ
If d scatterers are located in xsi, i = 1, . . . ,d and DEi are their var-
iation in elastic modulus due to linear inhomogeneities
DEðxÞ ¼
Xd
i¼1
DEidðx xsiÞ ðA:14Þ
then the source term of Eq. (A.5) is
 1
E0
@
@x
DEðxÞ @~u
ð0Þ
@x
 
¼  1
E0
Xd
i¼1
DEi
@d
@x
ðx xsiÞ @
~uð0Þ
@x
 1
E0
Xd
i¼1
DEidðx xsiÞ @
2~uð0Þ
@x2
ðA:15Þ
and
@~uð0Þ
@x
¼ dðxx0Þ 1E0
XL
l¼1
@G
@x
ðx; xl;x0ÞFl
¼ dðxx0Þ 1E0
XL
l¼1
jk0Gðx; xl;x0Þsgnðx xlÞFl ðA:16Þ
@2~uð0Þ
@x2
¼ dðxx0Þ 1E0
XL
l¼1
@2G
@x2
ðx; xl;x0ÞFl
¼ dðxx0Þ 1E0
XL
l¼1
dðx xlÞ  k20Gðx; xl;x0Þ
 
Fl ðA:17Þ
Since the operator in Eq. (A.5) is the same of Eqs. (A.4) and (A.6) ap-
plies also to Eq. (A.15)
~uð1Þðx;xÞ ¼  dðxx0Þ
E20
Z Lx
0
Gðx; x0;xÞ

Xd
i¼1
Di
@d
@x0
ðx0  xsiÞ
XL
l¼1
jk0Gðx0; xl;x0Þsgnðx0  xlÞFl
"
þ
Xd
i¼1
DEidðx0  xsiÞ
XL
l¼1
dðx0  xlÞ
 k20
Xd
i¼1
Didðx0  xsiÞ
XL
l¼1
Gðx0; xl;x0ÞFl
#
ðA:18Þ
Z Lx
0
Gðx; x0;xÞGðx0; xl;x0Þsgnðx0  xlÞ @d
@x0
ðx0  xsiÞdx0 ¼ 0 ðA:19ÞZ Lx
0
Gðx; x0;xÞdðx0  xsiÞdðx0  xlÞdx0 ¼ 0 ðA:20ÞZ Lx
0
Gðx; x0;xÞGðx0; xl;x0Þdðx0  xsiÞ ¼ Gðx;si;xÞGðsi; xl;x0Þ ðA:21Þ
The ﬁrst order solution in Eq. (A.3) is then given by
~uð1Þðx;xÞ ¼ dðxx0Þ k
2
0
E20
Xd
i¼1
XL
l¼1
Gðx; xsi;xÞGðxsi; xl;x0ÞFl ðA:22Þthen u^ð1Þðx;xÞ can be written in matrix form as
~uð1Þðx;xÞ ¼ dðxx0Þ k
2
0
E20
Hðx; xs;x0ÞCHðxs;xl;x0ÞTF ðA:23Þ
where C is the diagonal matrix dxd with entries D Ei. Evaluating Eq.
(A.23) in the sources points xl, transfer matrix can be readily identiﬁed
~uð1Þðxl;xÞ ¼ dðxx0Þ k
2
0
E20
Hðxl; xs;x0Þ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Lxd
C|{z}
dxd
Hðxs; xl;x0ÞT|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
dxL
F
ðA:24Þ
Indeed, forward propagation is given by zeroth order displace-
ment in the scattering points xs where the sources are in xl,
~uð0Þðxs;xÞ ¼ k0E0Hðxs;xl;x0Þ
TFdðxx0Þ ðA:25Þ
single scattering is embraced in diagonal matrix C
DEðxsÞ~uð0Þðxs;xÞ ! CHðxs;xl;x0ÞTFdðxx0Þ ðA:26Þ
and then backward propagation by matrix H because of the reciproc-
ity principle. Combining these three steps Eq. (A.24) can be ﬁnally
obtained.
Appendix B. Nonlinear DORT applied to a 2D structure
While for a 1D structure the calculation of the Green function
was straightforward, for a two-dimensional structure was a cum-
bersome task, especially when different boundary conditions are
considered. For this reason a more feasible and practical numerical
approach is presented for a 2D plate with 2 degrees of freedom (in-
plane displacements u). Considering an approximation uh of the
unknown displacement ﬁeld u, if domain X is discretized in ele-
ments or nodes, the kth degree of freedom uk is approximated by
a ﬁnite element-like expansion
uhk ¼
XN
i¼1
/iðxÞUki ðB:1Þ
where N is the total number of nodes, Uki are the nodal unknowns
and /i is the ith shape function.
The assembled matrix-form equation of motion arising from a
Galerkin method for an elastodynamic problem is the following:
M€Uþ KU ¼ fðtÞ ðB:2Þ
whereM is the mass matrix, K is the stiffness matrix (not to be con-
fused with the transfer matrix in Section 2) and f is the vector of
generalized forces
Mij ¼
Z
X
q/i/j dX ðB:3Þ
Kij ¼
Z
X
BTi DBjdXþ a
Z
Cu
/i/j dCu ðB:4Þ
fðtÞ ¼
Z
X
/TbdXþ
Z
C
/TtdCþ
Z
Cu
/T udCu ðB:5Þ
where B the linear differential operator of the strain applied to all
shape functions /I, D is the linear stress–strain relationship matrix,
/T is the vector of the shape functions of all the nodes, b is the body
forces, t is the tractions applied at the boundaries, u are the applied
displacements.
It should be noted that Eq. (B.2) stands regardless the numerical
method chosen to discretize the differential equations of elasticity,
because /T are the shape functions arising from a process of dis-
cretization. For example ﬁnite element or meshfree shape func-
tions (as presented in this work) can be used. More detailed
2652 E. Barbieri, M. Meo / International Journal of Solids and Structures 47 (2010) 2639–2652description of meshfree shape functions can be found in Belytschko
et al. (1996) and Fries and Matthies (2004).
As done in the previous section, with similar meaning the total
displacements vector U is decomposed as follow:
U ¼ Uð0Þ þ Uð1Þ ðB:6Þ
Within this assumption, resulting equations are
M€Uð0Þ þ Kð0ÞUð0Þ ¼ fðtÞ ðB:7Þ
M€Uð1Þ þ Kð0ÞUð1Þ ¼ DKUð0Þ ðB:8Þ
where K(0) is the linear stiffness matrix due to nominal elastic mod-
uli E0ij. Assuming free edges and concentrate harmonic forces in
xfl l = 1, . . . ,L points of the boundaries, vector f can be written in fre-
quency domain as
FðxÞ ¼ FxðxÞ
FyðxÞ
 	
¼ dðxx0Þ
PL
l¼1
/ðxf lÞtxl
PL
l¼1
/ðxf lÞtyl
26664
37775 ¼ dðxx0ÞUTf t
ðB:9Þ
where
UTf ¼
/ðxf1Þ /ðxf2Þ . . . /ðxfLÞ 0 0 . . . 0
0 0 . . . 0 /ðxf1Þ /ðxf2Þ . . . /ðxfLÞ
 	
ðB:10Þ
and
t ¼
tx1
tx2
. . .
txL
ty1
ty2
. . .
tyL
266666666666664
377777777777775
ðB:11Þ
The forwardpropagation in the scatterers pointsxsi, i = 1, . . . ,d is given
by
~ð0Þðxs;xÞ ¼ BðxsÞ x20Mþ Kð0Þ
h i1
UTf t ðB:12Þ
where B(xs) is the differential strain operator evaluated in the scat-
terers points. The single scattering is given by
DK ¼
Xd
i¼1
BðxsÞTDDiBðxsÞ ðB:13Þ
and ﬁnally, combining with back propagation
~uð1Þðxf;xÞ
~vð1Þðxf;xÞ
" #
¼½Uf ðx20MþKð0ÞÞ1DKðx20MþKð0ÞÞ1UTf tdðxx0Þ
ðB:14Þ
The term in square brackets is the transfer matrix.References
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